Using a semi-analytical approach based on the thin-shell approximation, we calculate the longterm evolution of supernova remnants (SNRs) while also accounting for the cosmic rays (CRs) accelerated at their blast waves. Our solution reproduces the results of state-of-the-art hydro simulations across the adiabatic and radiative stages for the gas-only case and predicts that typical CR acceleration efficiencies (≈ 10% ) can boost SNR momentum deposition by a factor of 3-5. This enhancement becomes more prominent in environments in which the gas experiences more severe radiative losses. This result may have a crucial impact on modeling the effect of supernova feedback on star formation and galaxy evolution.
INTRODUCTION
One of the most significant challenges in modeling galaxy formation and evolution is proper accounting for the effect on star formation history of feedback from active galactic nuclei (for the most massive galaxies), and stellar winds and supernova explosions. Feedback is crucial for quenching star formation and launching galactic winds, which drive baryons out and enrich the intergalactic medium in metals [e.g., 1]. Supernova remnants (SNRs) inject both energy and momentum into the interstellar medium (ISM) but are not resolved in most galaxy simulations. Since a grid cell typically contains more mass than a SNR, the deposited thermal energy is quickly radiated away (overcooling), and SN feedback effectively relies on momentum deposition alone [e.g., 2].
In this Letter we study momentum deposition by SNRs including-for the first time-the contribution of the non-thermal particles (hereafter, cosmic rays, CRs) that are efficiently produced at SNR blast waves via diffusive shock acceleration [e.g., 3, 4] . Kinetic simulations show that shocks can channel as much as 10-20% of their bulk energy into CRs [5, 6] , consistent with the multiwavelength emission observed from SNRs [e.g., 7, 8] .
The evolution of a typical SNR goes through several stages. Initially, the SNR undergoes a phase of rapid expansion (ejecta-dominated stage), in which the inertia of the swept-up ambient medium is much smaller than the mass of the SN ejecta, M ej . When such inertia is no longer negligible, the SNR enters the Sedov stage and expands adiabatically until the post-shock temperature drops below ∼ 10 6 K, when the thermal gas cools rapidly due to forbidden atomic transitions. The SNR keeps expanding because its internal pressure still exceeds the ambient pressure (P in > P ISM , pressure-driven snowplow ), but simulations show that the deposited momentum quickly saturates to p dep ∼ 3 × 10 5 M km s −1 , with M the solar mass [9] [10] [11] [12] [13] [14] . Eventually, when P in ≈ P ISM , expansion is slow and driven by relic kinetic energy (momentum-driven snowplow ).
The effect of CRs on SNR evolution is twofold: 1) acting as a relativistic fluid, CRs suffer less adiabatic loss than the thermal gas, so that at late times they dominate the internal pressure; 2) most importantly, the CR energy is not radiated away during the snowplow phase, but rather continues to support SNR expansion. The importance of CRs can be estimated with the following simple argument. Denoting the fraction of the SNR bulk pressure converted to CR pressure at the shock with ξ CR and the initial SN kinetic energy with E SN , one has P CR ≈ 3ξ CR E SN /(4πR 3 sh ), R sh being the SNR shock radius. Momentum deposition may continue until
where n ISM and T ISM are the number density and temperature of the ambient medium, and k B is the Boltzmann constant. Introducing the ambient density ρ ISM ≈ µm p n ISM , where m p is the proton mass and µ ≈ 1.4 for 10% helium abundance, the total momentum deposited is
of the order of the ambient sound speed. In numbers:
Physically speaking, in the presence of CRs, the radiative stage becomes similar to an adiabatic stage (with R sh ∝ t 2/5 ) with an effective SNR energy of ∼ ξ CR E SN . Note that, if the ISM pressure were dominated by supersonic turbulence, V f would instead be comparable with the turbulent velocity, typically a few tens of km s −1 and independent of T ISM .
This estimate hinges on the reasonable assumption that CRs remain confined in the SNR. For a Bohm diffusion coefficient D = cr L /3 [15] , with c the speed of light and r L ≈ 10 12 cm the gyroradius of GeV CRs in a few µG magnetic field, the diffusion time on a distance comparable to the SNR shell thickness, ∆ sh ∼ a few pc, would be ∆ METHOD Both analytical (self-similar) and numerical solutions suggest that the evolution of a strong blast wave can be modeled in the so-called thin-shell approximation, i.e., by assuming that most of the swept-up mass lies in a narrow layer, while the inner cavity of the SNR is filled with hot plasma [16] [17] [18] . In this limit, the thin, dense shell stores the SNR kinetic energy, while the hot bubble contributes the internal pressure. The standard thinshell equations use different approximations in the adiabatic and radiative stages [e.g., 16 , §IIC]; instead, we put forward a smooth, semi-analytical solution that is valid from the beginning of the Sedov stage to the end of the pressure-driven snowplow stage, also including the pressure in CRs, the role of which has previously been accounted for during the Sedov stage only [17, 19, §E2] .
Ejecta-Dominated Stage-In this stage, the post-shock shell is still forming, so we use the approximate analytical solution derived by [20] for a SNR expanding in a uniform medium, where the SNR radius evolves as
and the shock velocity reads V sh (t) = dR sh /dt. This solution gives a smooth transition to the Sedov stage. It does not include the CR pressure, since CR acceleration is expected to ramp up during this time [e.g., 21]. Sedov Stage-When the the swept-up mass becomes comparable to M ej , one can use the thin-shell approximation and write momentum conservation as [16] :
where M (r) ≡ M ej + 4π 3 r 3 ρ ISM is the shell mass at radius r, M ≡ M (R sh ), V ≡ 2V sh /(γ eff + 1) is the gas velocity immediately downstream of the shock, and γ eff is the effective adiabatic index of the bubble. For a mixture of thermal gas with γ th = 
where w is the fraction of the total pressure in CRs [19] . Since P th
sh for a strong shock, w ≈ 4 3 ξ CR , where ξ CR is the CR acceleration efficiency defined above.
Assuming P in > P ISM , introducing the SNR energy E(R sh ) ≡ 1 2 M V 2 + E th + E CR , and using P i /E i = γ i − 1, Eq. 3 can be recast as:
where λ ≡ 6(γ eff − 1)/(γ eff + 1).
Finally, the SNR radius, R sh (t), can be calculated by using Eq. 5 and inverting
During the Sedov stage E(R sh ) = E SN and its partition into kinetic, thermal, and CR terms is fixed. Pressure-Driven Snowplow Stage-When the postshock temperature drops below ∼ 10 6 K, the shell becomes radiative and the SNR energy decreses as
where χ th is the fraction of the energy flux across the shock, ∼ 22 ], here we simply assume that radiative losses abruptly kick in at R sh = R rad , chosen according to the simulations of [11] . The energy radiated away is subtracted from the thermal gas, so that P th drops and the SNR is increasingly supported by P CR ; while γ eff differs slightly between the hot bubble and the shell [17] , γ eff → 4 3 in both cases. Different prescriptions for γ eff introduce 10% variations in p dep . We stop the SNR evolution when the pressure inside the bubble equilibrates with that of the ISM, which returns a saturated p dep = M V (see Eq. 3).
The semi-analytical solution proposed here is original in two respects: first, it accounts for the role of CRs in the radiative stage; second, the physically-motivated prescription for losses in Eq. 7 smoothly follows the SNR evolution through the adiabatic and into the pressure-driven snowplow stage, unlike the standard thin-shell approximation [see, e.g., 11]. This formalism can be extended to more complex environments including pre-SN stellar winds [23] and multi-phase media [16] .
RESULTS
SNR evolution with CR acceleration efficiencies ξ CR up to 20% is plotted in Figure 1 . The presence of CRs slows the shock slightly during the Sedov stage due to the increase in the compressibility of the shell (lower γ eff ), which reduces the size of the shell relative to the case with thermal gas alone [17, 19] . However, the effect of CRs reverses in the radiative stage; since the energy in CRs cannot be radiated away, SNRs with CRs survive longer. For typical parameters, this latter effect dominates, meaning that CRs increase the amount of momentum deposited in the ISM. 51 erg, Mej = 1 M , nISM = 1cm −3 , and TISM = 8000 K. The dashed curve shows the adiabatic solution with ξCR = 0 [20] . Circles indicate when the bubble and ambient pressures equilibrate and momentum deposition ceases. The larger the CR acceleration efficiency, the longer the SNR evolution and the larger its final radius. Figure 2 illustrates the net effect of CRs in regulating momentum deposition. Whereas the ξ CR = 0 shock stalls at the onset of the pressure-driven snowplow, shocks with CRs continue to expand. As a result, CRs typically boost the momentum deposition by a factor of a few. For an acceleration efficiency of ξ CR = 10%, we find p dep ≈ 9.8 × 10 5 M km s −1 , in good agreement with the simple estimate in Eq. 1. However, the energy deposited by the SNR in the presence of CRs is no more than 20% larger than that of the gas-only case.
The effect of CRs becomes more pronounced in high ISM densities, where radiative losses are stronger. Figure 3 shows p dep for SNRs expanding in media with fixed pressure P ISM ∝ n ISM T ISM but different n ISM . An increase in density slows the evolution of the shell, meaning that it becomes radiative at an earlier time and, in the absence of CRs, is substantially shorter-lived. For ξ CR = 0 the result is a weak inverse relationship between ISM density and momentum deposited, p dep ∝ n −0.15 ISM , consistent with full hydro simulations [e.g., 11, 12] . However, when CRs sustain shell expansion, increased density causes an increase in the swept-up mass that exceeds the corresponding decrease in the shell's velocity. The net effect is a positive relationship between ISM density and momentum deposited, p dep ∝ √ n ISM ∝ 1/ √ T ISM , as predicted by Eq. 1 (dashed curves in Figure 3) .
At large densities, CR energy losses due to inelastic proton-proton scattering and Coulomb interactions may not be negligible. We model such losses using the follow- ing rate that accounts for both effects [e.g., 24]: (8) the corresponding curves for p dep are shown as solid lines in Figure 3 and reported in Table I . CR losses are negligible for n ISM 1 cm −3 , but limit p dep for larger ISM densities; eventually, the boost due to CRs saturates to values 5 for n ISM 10 cm −3 . Given that CRs are more important when radiative losses are more severe, we also expect a boost in momentum deposition when SNRs expand in a clumpy ISM, where without CRs p dep is reduced due to rapid losses in the densest regions [e.g., 12], and when they expand out of rarefied circumstellar bubbles excavated by pre-SN stellar winds [e.g., 23, 25] .
When SNRs expand into dense media, additional effects may become important. First, the dynamics of shocks in partially-ionized media are non-trivially affected by the momentum and energy carried by neutral atoms, which are coupled to the thermal protons via charge-exchange [26, 27] ; the presence of neutrals, which requires a kinetic treatment and cannot be accounted for in hydro/MHD simulations, generally tends to make the shock weaker, reduce the post-shock temperature, and hence make radiative losses more important. In this case, including CRs should still increase momentum deposition with respect to the gas-only case. Second, ion-neutral damping [28] may reduce the scattering of CRs and enhance their escape rate, even if a quantitative assessment of its relevance in realistic environments is still missing. Third, in turbulent molecular clouds, SNRs may dissolve when the shock speed becomes of order of the turbulent speed; this may reduce p dep (see the discussion after Eq. 1).
CR-loaded SNRs can sweep up more mass, leading to more prominent γ-ray emission due to the decay of neutral pions produced in nuclear interactions. Middleage/old (radiative) SNRs interacting with dense molecular clouds are often very bright in hadronic γ-rays [e.g., 8, 29, 30] ; the observed luminosities are typically explained with large efficiencies ξ CR ≈ 0.1 and prolonged CR confinement, which corroborates the assumptions of our calculation.
The typical values ξ CR that pertain to strong shocks are in the range 0.1-0.2 [5] , but re-acceleration of preexisting CRs can lead to even larger efficiencies, for instance, in regions rich in young stars with powerful winds and/or multiple SNe [31] . With this physical picture in mind, in Figure 3 we also consider the very efficient case ξ CR = 0.4. For large densities n ISM 10 cm −3 , the asymptotic boost in momentum deposition can be generally expressed as 5 ξ CR /0.1. Figure 1 . CR losses are included.
CONCLUSIONS
We have presented the first semi-analytical calculation -in the thin-shell approximation limit-of the evolution of a SNR throughout the adiabatic and radiative stages, while including the dynamical role of CRs accelerated at its forward shock. Despite the approximate treatment of the internal structure of the SNR, such an approach accurately reproduces the main features of hydro simulations without CRs. The presence of relativistic particles that, unlike the thermal gas, do not radiate efficiently sustains a prolonged expansion of the shell (Figure 1) , which has the net effect of increasing the total momentum that each SN explosion can deposit in the ISM, p dep . For typical acceleration efficiencies of ξ CR 0.1 [e.g., 5], SNRs expanding into the warm ISM (T ISM 10 4 K and n ISM = 1cm −3 ) deposit a factor of 3-5 more momentum than without CRs (Figure 2 ). CRs may also be important for highly-supersonic stellar winds, such as those from Wolf-Rayet stars, since their forward shocks exhibit the same favorable conditions for particle acceleration.
The impact of CRs on the SNR evolution is stronger when radiation losses are more important, i.e., for dense and cold ambient gas. In such conditions, despite CRs losing energy due to inelastic proton-proton/Coulomb collisions, the boost in momentum deposition is even larger and reads 5 ξ CR /0.1.
Simulations of galaxy formation that include SN feedback via sub-grid models should account for the additional contribution of the CRs accelerated at SNR shocks; we quantify this contribution as a factor of a few to ten on top of the contribution of thermal gas alone, and provide the absolute values for p dep in Table I. 
